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Abstract 

We study classical radiation and quantum bremsstrahlung effect of a moving 
point scalar source. Our classical analysis provides another example of resolving 
a well-known apparent paradox, that of whether a constantly accelerating source 
radiates or not. Quantum mechanically, we show that for a scalar source with 
arbitrary motion, the tree level emission rate of scalar particles in the inertial frame 
equals the sum of emission and absorption rates of zero-energy Rindler particles 
in the Rindler frame. We then explicitly verify this result for a source undergoing 
constant proper acceleration. 
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1. Introduction 



The problem of a uniformly accelerating electric charge gives rise to a well 
known apparent paradox. Since the charge is accelerating, it should radiate. How- 
ever, by the principal of equivalence, the situation should be equivalent to that of 
a static charge in a uniform gravitational field, which certainly does not radiate. 
The resolution lies in the recognition that only a portion of Minkowski space-time 
is accessible to a uniformly accelerating observer comoving with the charge. A 
careful analysis at either the classical [1] or quantum [2] level then shows that it 
is possible for this coaccelerating observer to conclude that there is no radiation, 
even though a static observer sees the charge radiate. 

In this paper, we consider a closely related problem, that of a uniformly accel- 
erating source coupled to a massless scalar field (p through the Lagrangian 



As in the electromagnetic case, a static observer would expect the source to radiate, 
while a coaccelerating observer would not. Although there are number of differences 
from the electromagnetic cases, including the detailed form of the radiation, we 
show that for this case also the views of the two observers can be reconciled. 

In Minkowski coordinates {t, x, y, z) the source is uniformly accelerating, fol- 
lowing the trajectory 



where s is the proper time of the source. For describing the observations of the 
coaccelerating observer, it is convenient to use Rindler[3] coordinates (r, 
defined by 



(1.1) 




(1.2) 



t — — sinh ar , 
a 



z = — cosh ar 
a 
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In terms of these flat Minkowski metric takes the form 



(1.4) 



In the Rindler coordinates the source is stationary at the point x = y = ^ = 0. 

The Rindler coordinates cover only the wedge > |i| (region I) of Minkowski 
space-time, which is the only part completely accessible to an observer comoving 
with the source. Region II (t > |z|) is always outside the observer's past light cone; 
thus, although he can send signals to this region, he can never observe events there. 
Similarly, he can receive signals from region III {t < — 1^|), but can never send 
signals there. Finally, he can have no communication with region IV {{z < —\t\). 

Since the source of a massless scalar field need not be conserved, its time- 
dependence must be specified. We take it to have constant magnitude in its rest 
frame: 



Lorentz contraction of the volume then makes the magnitude of the source time- 
dependent in the inertial frame: 



In Sec. II we consider the problem from a classical point of view. For the 
electromagnetic case, several features explain the failure of the comoving observer 
to observe radiation. It turns out that within region I it is never possible to clearly 
distinguish a radiation field distinct from the expected Coulomb field. One might 
instead examine the flow of energy, but this turns out to be entirely into regions 
inaccessible to the comoving observer. We find that these features are reproduced in 
the scalar case. A difference which we find is that, although the retarded potential 
method fails to give the correct result for the electromagnetic case [4] , it does give 



p = q5{x)d{y)d{0 




P = 




(1.6) 



?0^5(3)(x-x,(t)) 
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a true solution of the field equations in the scalar case. We examine this in some 
detail. 

In the quantum theory the radiation due to the accelerated charge appears as 
the emission of quanta by a bremsstrahlung effect. Thus, one might ask whether 
the static and the comoving observers both see emission of particles. However, 
this is not quite the right question. It is well known that an observer who is 
static in Rindler coordinates has a different definition of particle than does a static 
Minkowski observer, and interprets the Minkowski vacuum as a Fulling-Davies- 
Unruh (FDU) thermal bath of many-particle states [5-7] . The underlying reason 
for this difference is that modes which have positive frequency with respect to 
Minkowski time are linear combinations of Rindler modes with both positive and 
negative frequencies. A consequence of this fact is that what a Minkowski observer 
calls emission of a quantum can appear to a Rindler observer as either emission 
or absorption of a quantum. In Sec. Ill we first show that for any source confined 
to region I the Minkowski emission rate is equal to the sum of an emission and 
an absorption rate calculated by the Rindler observer. We then verify by explicit 
calculation that the Minkowski bremsstrahlung rate due to a uniformly accelerated 
source is precisely equal to the the sum of the rates for emission and absorption 
of zero-energy quanta by a static source in the thermal bath. This calculation 
parallels that of Ref. 2 for the electromagnetic case. 

In the appendix, we study some general properties of classical radiation from 
a moving point scalar source. 
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2. Classical Radiation from a Uniformly Accelerated Scalar Source 

In this section we consider the problem from a classical point of view. Our 
treatment parallels that of Boulware [1] for the electromagnetic case. 

The first step is to determine the classical field generated by our source. We 
do this in Minkowski coordinates, with the source given by Eq. (1.4). Solving the 
wave equation of) — —p by the retarded potential method gives 

+00 

<P{x) = ^ J dse{t - x%m{x - xs{s) f) (2.1) 

— 00 

where Xs{s) is given by Eq. (1.2). Thus 

</'(^) = ^^(^ + ^) (2.2) 

where 

[(x2-a-Y + 4a-V]'^' (2.3) 

with (? — x^ ^ and X"^ — x^x^ — -\- —t^. It is easy to verify that this is a 
solution of the field equation, even on the plane t -\- z — Q an. which its derivatives 
are singular. 

In the electromagnetic analogue, the fields obtained from the Lienard-Wiechert 
potentials do not satisfy Maxwell's equations along the surface t+z = 0, but instead 
differ from the actual solutions by terms proportional to S{t + z). These terms can 
be motivated by a limiting process suggested by Bondi and Gold [4] . Consider an 
electric charge which is at rest at 2; = 1/a until t — 0, and is uniformly accelerated 
after that. Now apply the Lorentz transformation 

z — 2;coshQ; + isinho;, t — i cosh a + 2; sinh a (2.4) 

thus going to a frame in which the charge has a constant negative initial velocity and 
in which the uniform acceleration begins ed, t — —a~^ sinhct. In the limit a — > 00, 
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the initial velocity of the charge approaches the speed of light, and the time at 
which the uniform acceleration begins goes to — oo. In this limit the Coulomb field 
of the initially static charge is Lorentz tranformed into a delta function field along 
the surface t + z — 0. 

Even though the retarded potential method gives a solution for the scalar 
case, one might wonder if this limiting procedure might lead to an additional 
contribution. This is readily examined. A point source which is at rest at z = 1/a 
until t = and uniformly accelerated thereafter gives rise to a field 



47r 



U{r - t) + ^e{t - r) 



(2.5) 



where r — [p^ + {z — a ^)^]^/^. (Note that t — r implies that it! = r, so that this 
solution is continuous everywhere.) Applying the transformation (2.4) gives 



An 



^9{X-t- z) + ^e{t + z- X) 
r K 



(2.6) 



where 



+ 



t)e-« 



(2.7) 



1 /2 

r' — [p^ + {zcosha + tsinha — a~^)'^] 



[21 



and R is as before. Since A vanishes in the limit a oo, while r' ~ |z + t|e" for 
z + t < 0, we see that 0(a;) approaches the field (2.2) of the uniformly accelerating 
source for any point with t + z ^ 0. The behavior on the null plane t + z = 
is somewhat curious. On this plane, r' — (p^ + a~^)^/^ + 0(e~"), while R — 
(a/2)(p^ + a"^). Consequently, the limits t ^ —z and a — > oo do not commute. In 
fact, the field is rapidly varying in a region of width of order about this plane. 
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with 



4){z + t = \) _ 2 



(2.9) 



In the electromagnetic case, this hmiting process leads to a delta function con- 
tribution to the field strengths which is not obtained by the Lienard-Wiechart 
method and which is needed to satisfy Maxwell's equations on the plane. In the 
scalar case, the fields obtained by the two methods differ at most by a finite amount 
on the t+z = plane. The differences seem a bit more significant when we consider 
the energy-momentum tensor T^'^ = d^(f)d^(j) — ^r]'^'^ da(t>d°' (j) . With the retarded 
potential solution (2.2), the step functions give rise to singular contributions (pro- 
portional to squares of delta functions) to T^*^. While the limiting method gives 
a way of defining these singular contributions more precisely, it is not at all clear 
that in the limit a — > oo they agree with any reasonable definition of the former 
case. This is not surprising. Within the region 0<i-|-2;<A~ e~'^ (and thus 
on the null plane, in the limit) it is possible to distinguish a source which was 
initially moving with constant velocity from one which has always been uniformly 
accelerating. The essential point is that the comoving observer's analysis of the 
situation depends only on the values of the field within region I, but not on its 
boundary, so that the ambiguity in defining T'^^ on the boundary is immaterial to 
the problem of reconciling the views of the static and the comoving observers. 

We can also examine the effects of this hmiting procedure on the gradients 
of the field (9'^0(a;), which constitute the energy-momentum tensor. One can do 
this by applying the limiting procedure directly to c)'^^, or alternatively, by simply 
differentiating Eq. (2.6) 



In the limit a — > cxo, we get a 5-function contribution from the Lorentz-transformed 
Coulomb field. These (5-function terms are the same as those one would get by 
directly differentiating the retarded potential solution (2.2). 




(2.10) 
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We now explicitly calculate the energy-momentum tensor for the case of the 
uniformly accelerating source. Since we will need it only for > 0, we ignore the 
singular contributions. In this region a straightforward calculation in Minkowski 
coordinates gives 



1 



(2.11) 



where = (0, x, y, 0) and the 9{t + z) factors have been suppressed. 

It is also straightforward to obtain the components of T^^'^ with respect to the 
Rindler coordinates. In particular, the components T'^^ , which correspond to the 
energy flux seen by a comoving observer, vanish everywhere. This follows from 

the fact that the field (2.2) is static when written in terms of Rindler coordinates. 
Alternatively, one can simply transform from the Minkowski result, using the for- 
mulas 



Trj = ^T,, = (2.12) 



for j = 1 or 2 and 



with indices // and u referring to Minkowski components. 

While the comoving observer sees no flow of energy, and thus no radiation, 
matters are not so simple for the static observer. Thus, let us calculate the power 
radiated by the source, as seen in Minkowski coordinates. This quantity is Lorentz 
invariant, and is most easily calculated in a frame where the source is instanta- 
neously at rest. Furthermore, because the acceleration of the source is uniform, 
the radiation should be the same at all points along the world-line of the source. 
We therefore look along the forward hght-cone of the point x — y — t — 0,z — 
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at which the source is at rest. On this hght-cone, the components of the energy 
flux are 



IGtt^ 



cos^ 9 a cos 9 



(2.14) 



where f is a unit three- vector from the point x — y — 0, z — to the field point, 
r is the three-dimensional distance between these two points, and 9 is the angle 
between f and the z-axis. By integrating over a sphere of radius r, one finds that 
the energy flux along this light cone at time t — r is 



167r2 
12n 



cos^ 9 + 



a cos 9 



(2.15) 



Wc show in the Appendix that Eq. (2.15) is exactly the result expected for the 
power radiated by an uniformly accelerating source. 

Although this result is suggestive of radiation, the real test is whether the 
energy in the field changes over time. This can be addressed by calculating the 
net energy flux through a closed three-dimensional hypersurface. In particular, let 

us consider the region [1] given by 2; > |t| + e (with the hmit e ^ understood) 
and zi < z < Z2, with zi < a^^ < Z2, and calculate the net energy flux out of this 
region, as seen by a static observer using Minkowski coordinates. Because T*^ is 
an odd function of t, the total flux through either of the surfaces z — zi or z — Z2 
vanishes. The flux through the surfaces z — ±t + e is 



J d^p J dziT'' TT''){t = ±z,x,y,z) = ^(Z2 - z,) J 



d^p 



P 



(1 + aV)^ 



(2.16) 



l2^ 



U2 - z\, 



Thus, the energy flowing in through the surface z — —t ^ e is exactly equal to 
that flowing out through the surface z — t ^ e. Hence, the static observer, like 
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the comoving observer, will conclude that there is no net energy production in the 
region. 

In fact, the total radiation flowing out of any closed three-dimensional hyper- 
surface symmetric in t and confined to region I is zero. To see this, let V be a 
four-dimensional spacetime volume with three-dimensional boundary dV, whose 
outward normal we denote as n^. The total flux through dV is 

^d^xT^^'n^ = Jd'^xd^T^^ = J d^x{d^<f){x) ){af)ix)) 

dV V V 

^-qJ d^x^l-w1 5(3) (x - x,(i))aV(2;) (2.17) 
V 



X=Xs(t) 



since y/l — \1 is even in t while 9V is odd in t. 



As an alternative to looking for energy flow as evidence of radiation, one might 
also examine the field (or, more precisely, its gradient) to see whether it is possible 
to distinguish separate Coulomb and radiation components. Along the forward 
light-cone of the source in its instantaneous rest frame, the spatial gradients of the 
field are 



1 a cos 9 

;:2 + 



F (2.18) 



where the notation is the same as in Eqs. (2.14) and (2.15). Using their r- 
dependencc to identify the two terms in brackets as Coulomb and radiation compo- 
nents, respectively, we sec that the latter dominates when |arcos^| 3> 1. However, 
in region I the condition ^ > |t| implies that 

radiation field „ cos 9 

—-———^arcos9<- 2.19 

Coulomb held 1 — cos 9 

Hence, in the region accessible to the comoving observer the radiation field can 
be dominant only for 9 very close to zero. Even in that small region the issue is 
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confused. Let / be the distance from a given point in region I to the world Une of 
the source, measured to the point on the world-hne where the spacelike separation 
is greatest. For cos^^ near unity one finds that ~ 2r/a, so that the radiation 
component in Eq. (2.18) takes on the Coulomb form, but with I taking the place 
of r. 

3. Scalar Bremsstrahlung and the FDU Thermal Bath 

In the quantum theory radiation is not continuous, but rather is a series of dis- 
crete events — the emission of discrete quanta — each corresponding to a change in 
the state of the quantum field. The static and the uniformly accelerating observers 
do not agree on the initial state of the field — the Rindler observer interprets the 
Minkowski vacuum as a thermal bath of many-particle states — but they should 
agree on whether the state changes. To show how this works, we first show that 
for an arbitrary source confined to region I, the emission rate seen by the static 
observer is equal to the sum of the emission and absorption rates measured by the 
accelerating observer. We then specialize to the uniformly accelerating source of 
Eq. (1.5), and verify this result by explicit calculations. 

We begin by expanding the quantum field in terms of normal modes. To do 
this, we need a set of solutions of the scalar wave equation = which form a 
complete set on a spacelike slice through space-time. A convenient choice for such 
a slice is the hypersurface given by t = in Minkowski coordinates. This slice 
lies partly in region I (where it is specified by r = 0) and partly in region IV. For 
Rindler coordinates, a full set of modes comprises a complete set in the Rindler 
coordinates for region I, supplemented by a similar complete set in terms of the 
analogous coordinates for region IV. 

Consider first the decomposition appropriate to Rindler space. Let 

0(x) = 0Ji(x) + 0L(x) (3.1) 
where (pL {<Pr) vanishes if x lies in region I (region IV). Because the Rindler metric 
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is independent of x, y, and r, the modes in region I can be chosen to be of the 
form 

fk.,K,u> = e^^^'+^^yy-'-^hk^^k^^UO (3.2) 
The field in region I can then be expanded as 

+00 +00 +00 

^kx,ky ,UJ 

—00 —00 

where, as usual, the positive and negative frequency modes have been separated. 
A similar decomposition for 0l(x) can be made in region IV. 

The normalization of the fkx,ky,ujiO can be fixed by requiring that 

{fkx,ky,uj, fk'x,k'y,u:')mnd = F{u)5{u - J)5{kx - k'^)S{ky - k'y) (3.4) 
where for any two functions f{x) and g{x) we define 



nx)d^9{x) 



(3.5) 



Here the integration is over the region 1 hypersurface r = 0, with = (e~"^, 0, 0, 0) 
being the normal to that hypersurface and h^j^ = g^^ + n^njj the induced three- 
dimensional metric. If / and g are solutions of the scalar field equation, then (/, g) 
is independent of the choice of the spacelike hypersurface. The choice for the func- 
tion F{ijj) determines the commutation relations of the creation and annihilation 
operators a and a) and, through these, the density of one-particle states; physical 
results are insensitive to the particular choice made. 

In Minkowski coordinates the field is usually expanded in plane waves. For 
the present purposes it is more convenient to choose the modes to have definite 
transverse momenta kx and ky, but not definite kz or frequency. Although the 
modes need not each have a single frequency, they should be chosen so that their 
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Fourier components (with respect to the Minkowski time t) are either all positive 
frequency or all negative frequency. This ensures that the associated operators in 
the mode expansion of the field have simple interpretations as particle creation and 
annihilation operators. Specifically, we choose for the Minkowski modes the linear 
combinations of Rindler modes 



-ky,U3 



.X 



(3.6) 



and 



(2) 



[X) 



B(uj) 



/£Lj-) + e-^^/'^(/i^L-.„J-))l (3-7) 



which were shown by Unruh [7] to have only positive frequency Fourier components; 
here superscripts R and L refer to the modes defined in region I and region IV, 
respectively. 

The normalization of these can be fixed by requiring 



igtk.,.^ 9K,kW^ f)Mink = F{u;)SijSiu; - u;')5{k, - k',)5{ky - k'^) (3.8) 



where 



Mink 



-I 



d^xr{x)dtg{x) 



(3.9) 



with the integration is over the hypersurface t — (Again, for solutions of the 
field equation, [f^g) does not depend on the choice of the constant time surface.) 
Note that if the same choice of F{uj) is made in Eqs. (3.4) and (3.8), then for a 
pairs of functions with support only in region I (or only in region IV) (/, g)Mink — 
if,9)Rind: while if / has support in region I and g in region IV, {f,g)Mink = 0. 
Note also that {f*,g*) = -{f,g)- It follows that if the Rindler modes (3.2) are 
properly normalized, then the Minkowski modes (3.6) and (3.7) will be normalized 
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if 



A{uj) = B{uj) = [2sinh(7ra;/a)]~^/^ 



(3.10) 



To lowest order in perturbation theory, the amphtude that a source p{x) leads 
to the creation from the vacuum of a quantum in the state |n) is 



A— {n\i J d'^x-y/gp{x)(f){x)\vac) 



(3.11) 



The total emission probability is obtained by squaring the amplitudes and summing 
over all one-particle final states. After expanding the fields in terms of the modes 
(3.6) and (3.7), one finds that the probability for emission of a Minkowski quantum 

with transverse momentum {kx,ky), assuming that the field was initially in the 
Minkowski vacuum, is 



dP, 



Mink \^ 



j 



duP-^iu 



[X 



(3.12) 



Now let us assume that p{x) vanishes outside of region I. The contribution from 
the g^^"^ modes is then 



<:t'- J du.F-\u;)\Aiu;)\' J d'x^gp{x)fi%^^{x) 

duj 



oo 




+ 1 



(3.13) 



where dp^'^'^^ / duo is the emission probability per unit frequency range in the Rindler 
vacuum. The factor multiplying dp^^^jf/du converts this vacuum emission prob- 
ability to the sum of the spontaneous and the induced emission probabilities in a 
thermal state with temperature a/27r, which is how the Rindler observer interprets 
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the Minkowski vacuum, Similarly, the contribution from the g^"^^ modes is 



oo 



duj 



g27ra'/o ]^ 



dp 



Rind 

'kx ; ky 



(3.14) 



.id 



dcu 



which is the probability for absorption of a quantum with transverse momentum 
{—kx.—ky) in the same thermal state. Adding Eqs. (3.13) and (3.14), we obtain 
the desired result. 

Let us now verify this result for the special case of the constantly accelerating 
source. The total transition probability is infinite, since the source is present for 
all times. We therefore calculate the emission and absorption rates, defined as 
transition probabilities per unit proper time of the source. 

We start with the Minkowski calculation. Instead of the modes (3.6) and (3.7), 
we work with plane wave modes. A standard calculation then gives the emission 
rate 



dWi 



Mink 



+ 00 

1 f dky 



k.,ky (2n)^T J {2ko) 



d^xp{x)e 



i(feot— k-x) 



— oo — oo — oo 



(27r)3Ty (2A;o) 

— oo 

X exp 



oo +00 +O0 

'^^^ ^ dr' I dr" 



—i— (cosh ar' — cosh ar") + i— (sinh ar' — sinh ar") 
a a 



(3.15) 

where /cq = |k| = [k^ + k}^)^/"^ and T represents the (infinite) total proper time 
along the trajectory of the source. If we write r = (r' + r")/2 and a = {t' — t") /2 
and define 

-1 



r] = cosh" 



^0 , ■ u 

- — cosh ar — — smh ar 

k± k±^ 



(3.16) 
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this expression can be rewritten as [8] 



e 1 
(27r)3T 



+ 00 +CX3 +00 

dr dr] daexp 



2ik±cosh.r] . , 
smh aa 



-oo —00 —00 



+00 



drjKo 



2k ± cosh 1] 



(3.17) 



Here we have cancelled the factor of T by the integral J^^dr. 

We want to compare this result with the Rindler emission and absorption rates. 
There is a problem here because the source is static in Rindler coordinates. Nor- 
mally, one would then conclude that there was also no induced emission. However, 

because the density of quanta in the FDU thermal bath diverges as the frequency 
goes to zero, matters are more subtle. We adopt the approach of Ref. 2 and replace 
the static source of Eq. (1.5) by the time-dependent source 



p = V2qcos ETS{^)d{x)S{y) 



(3.18) 



The limit E ^ will be taken at the end of the calculation. 

To proceed further we need an explicit expression for the Rindler modes. If the 
choice F{u!) = 1 is made in Eq. (3.4), then the appropriately normalized modes 

are [5] 

where K,y{z) is the Bessel function of imaginary argument. Using this expression 
together with Eq. (3.18) for the source, and comparing with Eq. (3.13), we see that 



AR) ^ _J_ 



sinh(7rL^'/«) 
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the emission rate per unit frequency range in the Rindler vacuum is 



1 

27i^af 



sinh(7ra;/a) 



dre-"^^ cos Er 



(3.20) 



where T represents the length of the total time interval. The integrals over r each 
give factors oi7rS{E — u). (There are also terms involving S{E + uj)] we omit these, 
since E and cu are both positive.) Writing 27r(5(0) — T allows us to cancel the 
factor of l/T, and leaves us with 



dw 



Rind I 



du! 



47r2( 



■ sinh(7ra;/a) 



a 



5{E-u) 



(3.21) 



If the limit — were taken at this point, we would obtain zero emission, 
which would be the correct result for a static source in the vacuum. Because we arc 
interested in the FDU thermal bath corresponding to the Minkowski vacuum, we 
first add the induced emission rate to the spontaneous emission rate of Eq. (3.21), 
and then integrate over a;, to obtain the total emission rate in the thermal bath 



dW, 



em;therm 



kx iky 



sinh(7r£'/a) 



g27r£;/a 



+ 1 



K.. ( ^ 

a 



(3.22) 



If we now take the limit E ^ 0, only the contribution from the induced emission 
survives, giving 



dW, 



em:therm 



Kq 



ki. 



(3.23) 



The absorption rate in the thermal bath is equal to the induced emission rate. 
Because both rates are independent of the sign of kx and ky, we can simply double 
the above result to obtain 



dW, 



tot;therm 



Q 



kx ^ky 



Kq 



k 



(3.24) 



which is indeed equal to the Minkowski result (3.17) for the emission rate. 
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APPENDIX 



In this appendix, we study some general properties of classical scalar radiation. 
First, we consider a system of scalar charged point particles interacting with the 
scalar field 4>{x) which they produce. The total action is 



-9lJ,u{Xn{X)) 



+ ^Qn J dX (piXniX)) 



dxi^iX) ci<(A) 
dX dX 

1/2 



1/2 



-gufixniX)) 



dxli^jX) d<(A) 
dX dX 



(A.l) 



Varying the action with respect to metric gives the energy-momentum tensor (in 
Minkowski space) 



TZ{x)=d^'<Pd''<P--V^-da^ 



(A.2) 



matter 



The conservation of Tf^^ can be explicitly verified using the equations of motion. 

Next we study the radiation field and power of a single point scalar charge 
moving along the path Xs{t). The Lienard-Wiechert potential is 



</.(x,i) = |-yr^ 



r — V • r 



(A.3) 



where r = x — Xs(i'), v = v(i'), t' = t — r. We have 



Of' _ 1 

dt 1 — V • r ' 



1 — V • r 



(A.4) 



Introducing s = 1 — v • f and keeping only the leading 1/r dependence, we 
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obtain the radiation fields 



d(l)dt' 
df'dt 



±1_ 



V • r 



)Vl-v2- 



V • V 



(A.5) 



47r rs" 



(v • f ) — 



V • V 



(A.6) 



where all quantities on the right-hand side are to be evaluated at = i — r. The 
total power radiated is 



P{t') = J r''dnT'\^, t)^ = j r'^dQr ■ ^^V^^ 

V • f)\/l 



— s- 



V ■ V 



(A.7) 



where the integration is over a large sphere along the forward light-cone of the 
source and centered at Xs(t'). The integration can be carried out by introducing a 
coordinate system such that v-r = f cos6', v-v = f |v| cosa, v-r = |v|(cos6'cosq;-|- 
sin 9 sin a cos ip) . One obtains 



P= - — 



g2 1 d^X^ rf2 



X I 



4:71 3 dr^ dr^ 47r3 



— -[7 V + 7"(v • v) J 



(A.8) 



This is half the electromagnetic value. The result can also be obtained by studying 
the non-relativistic limit of Eq.(A.7) and then using Lorentz invariance. 
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